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Abst ract - -The  alignment of the director in nematic liquid crystals is known to be influenced by 
electric and/or magnetic fields. The stability of known traveling wave solutions is examined fin a 
best fit cubic equation which approximates the nonlinear sinusoidal terms in the dynamic equation 
for the director when it is subjected to crossed electric and magnetic fields. @ 2000 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
Nemat ic  liquid crystals are anisotropic fluids which general ly consist of e longated molecules whose 
average long molecular axes adopt a common direction in space described by the unit vector n, 
called the director. Electric and magnetic fields or crossed combinat ions .of both are known to 
influence the or ientat ion of the director. Detai ls of these effects and other I)roperties of l iquid 
crystals (:all be fbund in [1]. 
This letter considers the t ime dependent traveling wave solutions to the dynamic equat ion for 
the director n in a sample of nematic  which is infinite in the z-direction and has crossed electric 
and magnetic fields appl ied in the w-p lane .  As usual, the al ignment of the director is assumed 
uniform in the mr-plane, the only change in or ientat ion occurr ing along the z-axis. Similar 
problems involving only magnetic fields have been examined by de Gennes [2] and Helfrich [3] 
and results on related work have been reviewed by Lain [4 i. In part icular ,  we set 
n = (cos 0(z,  t), sin ~/,(~', t), 0), (1.1) 
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where ¢ is the angle n makes with the x-axis. The electric and magnetic fields E and H are 
introduced as 
E = E(cos/~, sin/3, 0), (1.2) 
H = H(1,0,  0), (1.3) 
where E and H are the magnitudes of the fields and ~ is the angle between them with 0 _< ~ _< 7r/2. 
It was shown in detail in [5] that the continuum equations for n (for example, see [6]) reduce to 
1 2 1 XaH2 sin(2¢) - ~ ~a~O E sin 2(¢ - /3) ,  ~/lCt : K2¢zz  - (1.4) 
where "71 is the twist viscosity coefficient and Ks > 0 is the bulk elastic twist constant. The 
diamagnetic anisotropy X~ and the dielectric anisotropy e~ are assumed to be positive while the 
(positive) permittivity of free space is denoted by e0. 
Faetti et al. [7] have examined equation (1.4) when the term in K2 is omitted and the crossed 
fields are alternately switched on and off. The elastic term and both field terms are included 
below. Equation (1.4) can be written as [5] 
1 
77¢t = ¢2¢zz - -~ sin(2¢ - q), (1.5) 
where 
2 2 4 2 4 cos (2¢0) -1 /2  rl = 71 (eaeoE + Xa H + 2eaeOXa E2H2 
V/-~2 2 2 4 2 4 cos(2~)) -1 /4  = (%%E + xaH + 2eaeOXaE2H 2 
~a~oE2 sin(2Z) "~ 




The parameter q is the main control parameter for the problem since it not only characterizes 
the various possible solutions, but also, like ~ and ~, links the contributions of the electric and 
magnetic fields with their crossed angle. Although the explicit q dependence in (1.5) can obviously 
be suppressed by introducing ¢ = 2¢-q ,  we choose to retain q explicitly so that the interpretation 
of the results can be put into a clearer physical context. 
Equation (1.5) has been investigated by the present authors using a cubic approximation 
in ¢ and results on exact traveling wave solutions and their stability have been reported in 
references [5,8], respectively. The approximation i Section 2 is a more accurate representation 
of (1.5) than that introduced initially by the authors and also has the added advantage of removing 
restrictions on the control parameter q which were necessary for ensuring traveling wave stability 
as discussed in [8]. The stability of traveling waves is discussed in Section 3. 
2. BEST  F IT  CUBIC  APPROXIMATION 
We consider equation (1.5) with Iql < zr/2 and rescale by setting T = t /v ,  Z = z/~ to give 
1 
CT = Czz  -- -~ sin(2¢ -- q). (2.1) 
In [5,8], the sine term in (2.1) was approximated via a Taylor expansion around ¢ = 7r/2 and the 
roots of the approximating cubic equation satisfied 
¢1 > 0, ¢3 < ¢2 < ¢1. (2.2} 
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These roots worked well for small q but could have a spurious dependence on q since they diverge 
as q ~ 7r/2. Equation (2.2) motivates an alternative choice for the roots to equation (2.1) in an 
attempt o have a more accurate approximation to the sine term valid for all Iql < 7r/2. namely, 
Defining 
q ¢2-  q ~ q (2.3) ¢~=~'  2 2' ¢3=~-~.  
1 
f (¢) = ~ s in (2¢-  q), 
9(¢) = A(¢ - ¢1)(¢ - ¢2)(¢ - ¢3), 
(2.4) 
(2.5) 
we see ttiat for any constant A, f ,  and g then have the advantage of sharing the same roots, 
given by equation (2.3). In all cases, ¢3 < ¢ < ¢1 for the traveling wave solutions which are 
considered. Therefore, to find the best fitting constant, we minimize the integral 
overall possible constants A. A simple 
Equation (3.2) is then 
IA = 7r7 A 2 3 ~r 
840 - ~ 7rd + ~, (2.7) 
and therefore, IA  is independent of q (as expected) and achieves its minimum when 
A = 3157r -6. (2.8) 
The approximating equation to (2.1) is now 
¢T = CZZ -- 9(¢), (2.9) 
where g(¢) is the best fit cubic given by (2.5) and (2.8). 
3. STABIL ITY  OF TRAVEL ING WAVE SOLUTIONS 
Traveling wave solutions to (2.9) were discussed in [5] by first introducing the variable 
7" = Z - cT  + Zo, (3.1) 
where c = c(q)  > 0 as specified below for each solution and Zo is an arbitrary constant. Equa- 
tion (2.9) is then 
¢. .  + c¢. = g(¢). (3.2) 
Following [8; 9, p. 158], equation (3.2) can be written in a moving coordinate frame by changing 
tile variables to (with the constant Z0 set to zero) 
T = T ,  7- = Z - cT.  (3.3) 
Cr  = ~r  + C¢~- - g(¢),  (3.4) 
where in general ¢ = ¢(w, T). When ¢(T) is a wavefront solution to (3.2), we can investigate its 
stability properties by considering solutions u to (3.4) of the form 
u(~-, T) : ¢(T) + V(T, T), (3.5) 
=/q/2  
IA Jq/2-~ If(C) -- g(¢)]2 d¢ (2.G) 
computation shows 
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where v is a small perturbation which depends on both r and time T. The substitution of (3.5) 
into (3.4) furnishes the linearized equation for v, namely, 
Og 
VT : V r r  -[- CVT - -  ---z V. (3.6) 
o¢ 
For the simplest ype of stability, we employ the techniques used in [9] and examine solutions 
to (3.6) where 
v(T, T) = 0, for I~-I k L (3.7) 
for some constant L > 0; this means that the perturbations can be considered as vanishing 
outside some finite interval in the moving coordinate frame. We now seek solutions of the form 
v(v, T) = Vo(w)e -'~T. (3.8) 
Inserting (3.8) into (3.6) and linearizing in v results in 
where 
[ Vo + CVo + )~ Og - -  V0  = 0 ,  
' denotes d and Vo(+L) = O. Introducing the transformation 
vo = w(r)e -c'/2 
reduces (3.9) to the regular Sturm-Liouville problem 
w" + - = o ,  
where the values of A are the eigenvalues and 
Q(T, q) Og c 2 




with w(~L)  = 0, (3.11) 
(3.12) 
1 7c X/1 - A-17c-2c 2 (3.15) = (q  - + 
It follows that Q(~-, q) > 0 for all ~- (and therefore, for all fixed L > 0), whenever 
c 2 > ATr 2 = 3157r -4, (3.16) 
where A is given by (2.8). Hence, whenever c(q) satisfies (3.16), we can deduce that (3.13) is 
valid and conclude that (3.14) must hold, indicating that the perturbations v must decay to 
zero as T + ec. Equation (3.16) provides a criterion" involving the wavespeed c to ensure linear 
stability for wavefront solutions ¢. We now consider the three types of traveling waves discussed 
in {5,8], which are stated explicitly for convenience. 
and therefore, the wavefront solution q~ is linearly stable. It is observed that Q is a quadratic 
in ¢ and that its roots are given by, after some simple calculations, 
v(v,T) --* 0, as T --~ oc, (3.14) 
It is well known (for example, see [10, p. 374]) that k > 0, whenever Q is continuous for all 
r ~ [-L,  L] and 
Q(T, q) > 0, for all ~- E [ -L,  L]. (3.13) 
When (3.13) holds, A can only take positive values and it is then clear from (3.8) and (3.10) that 
Stability of Nematic Liquid Crystals 27 
Type A traveling waves are of the form 
{ [1 ]}1 
(b=(¢ i -¢2)  l+exp -~(61-62) r  +¢2,  (3.17) 
and solve equation (3.2). Here, ¢ travels fi'om ¢1 to ~2 as r -~ oc and 
1 3rr 
c = -~ (¢1 + ¢2 - 2¢3) = ~.  (3.1s) 
,/2 2, /2  
Hence, condition (3.16) holds, and therefore, perturbations decay to zero. This is a niajor im- 
provement to the result in [8] where a restriction on the possible values for q is necessary for 
stability. 
For type B traveling waves, we have 
{ ]}' = i¢', - Ca) 1 + exp -~ (¢., - ¢a)r + 63, (3.19) 
where q~ travels from q~3 to ¢2 as r --+ oo and 
I 3re 
c = - -w  (¢2 + Ca - 2¢~) = ~ .  (3.2o) 
` /z  2`/2 
Again, since (3.16) holds, these traveling waves are linearly stable. 
For type C, there is a static (T independent) solution of the form 
{ [1 ]}l 
= (¢1 -- ¢3) 1 -4- exp - -~  (¢1 -- ¢3) T -I- Ca, (3.21) 
with ¢ traveling from ¢1 to ¢3 and 
1 
c = - -~  (¢ ,  + Ca - 2~)  = 0.  (3 .22)  
gz  
It is simple to verify that for all Iql < ?T/2, the function Q(r, q) must beconie negative at some 
finite value of r because ¢1 > 0 and ¢3 < 0: for example, take r = 0 in (3.21) and insert c~ into 
(3.12) with c = 0 to find Q(O,q) = -ATr2/4. In this c~e, the positivity of Q cannot hold for all r 
and so stability in general cannot be guaranteed by the methods presented here for the static 
type C solutions. 
4. SUMMARY 
A best fit cubic approximation for the sine term in (1.5), which has roots ¢1, 6~, 63 given by 
(2.3), has been exploited to derive stability results for known traveling wave solutions in nematics 
as discussed in Section 3. These solutions for the orientation of the director arise when crossed 
static electric and magnetic fields are applied across a sample of nematic. Equation (3.16) provides 
a simple stability criterion involving the wavespeed c. The type A solution in (3.17) travels fi'om 
¢1 to ¢2 and is linearly stable to perturbations v which obey (3.7). Similarly, the type B solution 
in (3.19) travels from ¢3 to ¢2 and is linearly stable. The type C solution in (3.21) is a static 
domain wall and its stability cannot in general be guaranteed since Q(r,q) can take negative 
values, and therefore, the eigenvalues for the perturbation equation (3.11) may not necessarily 
be positive. 
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